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Goal
• Understand the heart of the models for groundwater
and soil hydrology
• Understand when those models break down
• Understand why it is ok to make certain
approximations
• Understand why some approximations are
problematic (most often however, we do not know
better and make them anyway)
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Continental water balance
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Why worry ?
• Groundwater storage and dynamics
– Large reservoirs of freshwater
– Drinking and irrigation water source
– Influences soil moisture

• Soil moisture and dynamics
–
–
–
–
–
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Plant available water / plant productivity
Soil microbial activity
Latent heat source for atmosphere
Transport medium for elements
Recharge of groundwater and element leaching

Global water stocks
Volume
in106 km3

Proportion %

Average residence
time

Sea

1348

97.380

1000 years

Polar Caps

27.82

2.010

10-1000 years

0.23

0.020

10 years (lakes),
10 days (rivers)

Groundwater and
soil moisture

8.06

0.580

1-1000 years

Atmosphere

0.01

0.001

0.1-1 years

Lakes and Rivers
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Continental water balance

Water below the ground
Introduction

Below surface water systems

Un-saturated
Zone (including soil)
Saturated
Zone (mostly rock)
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Uncondined and confined Aquifer
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http://www.internationalwaterlaw.org

The subsurface “water-container”
• Consists of a mix of voids and solid material
• Voids can contain water, they have different forms

Porous material –
Fractured rock –
Unconsolidated material (rock), Fissures caused by stress
grains or soil aggregates
In a solid rock that was exposed
to tension or pressure

Karst –
solution enhanced fractures
In soluble bedrock,
Limestone, dolomite, gypsum, etc,
forms large voids, even caves
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REV
• Water flows along numerous flow paths
– Form is unknown
– Tedious to observe or calculate

• Replace with a continuum model:
Representative Elementary Volume
Smallest volume (V) over which a property (f) can be described to be
representative of the whole –> pre-requisite for continuum models
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REV Example Porosity
Porosity n =

Volume occupied by voids
Total volume

-> continuum variable

Maximum water content of a porous medium
n
1
n REV
ni
0

Vi VREV

V
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Basic ingredients to describe flow
• In which direction will the water flow in this example
and why?
• How do we know?
• What other ingredients do we need to know in order
to describe how much water flows between rivers?
River A
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River B

Hydraulic potential
• Water flows along a gradient of hydraulic potential
(h) -> which is representative of the energy available
to fuel the flow
well
Example:
confined aquifer
h

hP

z

Impermeable (confining) layer

Aquifer bottom
Reference height, could be sea level

Groundwater Flow

Groundwater potential & flow field
Equipotential lines are lines
with same hydraulic potential
The vector grad h points
towards the maximum drop of
potential. It runs perpendicular
to the equipotential surface.

11.5

13.5
12.0
13.5
13.0

10.0

Streamlines are connected
lines always pointing along
grad h. They could be the track
of a molecule within the flow
field.

Groundwater Flow

Exercise 1a
Draw the streamlines!
Look for the gradients, and
make sure your streamlines
are continuous !

Groundwater Flow

13.0
11.0

12.0

Exercise 1b
Does water flow in or out of the
marked river reach?

Groundwater Flow

Excercise 2
How should the groundwater table and direction of
flow look like?
h > hSee

h < hSee

hGW > hlake

hGW < hlake

€

€
h < hSee

hGW < hlake

hGW > hlake

hGW > hlake

Groundwater Flow

€

€

€

€

hGW < hlake

Origin of gradients?
• Rainfall in more elevated topographic regions
• Differences in water levels due to pumping and
ground water recharge from rainfall
• Open water bodies with little conductingbottom
• Aquifer layers with different recharge areas

Groundwater Flow

Darcy law
Experiments show a linear relation between hydraulic
Gradient and flow (like in an electric circuit, I= U / R)
Pre-requisits:
– laminar flow
– REV > 30 times grain diameter
– Porediameter > 80nm

vF = Q / A ∝ K f
vF = −K f
vF
Q
Kf
x

Groundwater Flow

Δh
L

dh
dx

Flow velocity, m/s
discharge, m3/s
hydraulic conductivity,
m/s
coordinate, m

Validity of Darcy‘s law

silt

clay and sand

gravel and stones

Groundwater Flow

Excercise 3
•
•
•
•
•

hA= 104.56 ft
hB= 104.53 ft
hC= 103.42 ft
Recharge = vz = 1.25 ft/a
Kx= 8 ft/d

A
20 ft

5 ft

B

C

Note: 1 ft = 0.33 m
What is the velocity of flow in the x-direction (horizontal flow between B
and C) ?
What is the hydraulic conductivity (Kz) in z-direction?
What is the ratio between horizontal and vertical flow velocity?
Groundwater Flow

Excercise 3
a)

What is the flow velocity in horizontal direction, i.e. btw. wells hA,bot
and hB,bot ?
b) What is the hydraulic conductivity (Kz) in vertical direction?
c) What is the ratio between horizontal and vertical flow velocity?
hA,bot and hB,bot are filtered at the same elevation above sea level.
Groundwater recharge (vertical flow) is vvt = 0.38 m a-1, Khz = 2.4 m d-1

z

hA,bot

1.5 m

hA,top

hB,bot

hA,top = 31,87 m
hA,bot = 31.86 m
hB,bot = 31.52 m

6m
x

Space dependence of Kf

Groundwater Flow

The flow equation
Combination of the mass balance with the Darcy Law
yields
For 1-dimensional steady state flow
0=

dS
d
dh
= − ⋅ h ⋅ Kx
dt
dx
dx

S
t

For 3-dimensional steady state flow
€

€

0=

dS
∂
∂h ∂
∂h ∂
∂h
= − Kx
− Ky
− Kz
dt
∂x dx ∂y dy ∂z dz

Groundwater Flow

Ground water storage
time

Reduced dimensional flow
In larger groundwater fields, where horizontal extent is much larger than the
vertical one, it is useful to neglect the vertical flow component and just
account for the horizontal flow. This is because gradients in the vertical
direction will be much smaller than in the horizontal one.
(Dupuit – Forchheimer-Assumption)
Flow
(2-D, unconfined)

Flow
(1-D, confined)

Idealised Flow
(1-D, unconfined)

z

z

x

z

x

Groundwater Flow

Summary groundwater flow
• Occurs along the strongest gradient in hydraulic
potential
• Velocity is described with Darcy-law
• Vertical flow is usually negligible (and neglected),
vertical exchange between aquifers is parameterized
• Equations cannot be used in aquifers where voids are
extremely small or large
• Hydraulic properties need to be assessed at the scale
where they are to be applied – field methods
Groundwater Flow

x

Below surface water systems

Un-saturated
Zone (including soil)
Saturated
Zone (mostly rock)

From saturated to unsaturated

The unsaturated water „container“
Mineral grains,
Texture

Soil aggregates,
Flow governed by
connections

Channels between aggregates
macropore flow
Soil water flow (unsaturated)

Unsaturated flow
Quick start!
Flow equation in unsaturated soil = Richards Equation

dθ
d
d(ψ + z)
= − ⋅ K(ψ )
− q(z)
dt
dz
dz
Darcy unsat. flow

Ψ
matric potential, m H2O
Θ
water content, q(z) sources and sinks, 1/s
(transpiration)
K(ψ) unsaturated hydraulic conductivity,
m/s

Rather similar to the on dimensional flow equation in saturated domain

dS
d
dh
= − ⋅ h ⋅ Kx
− vN
dt
dx
dx
Darcy sat. flow

€

Soil water flow (unsaturated)

Soil water content
Water content θ =

Volume occupied by water
Total volume

,0≤θ≤n

Alternatively use saturation S = θ − θr , 0 ≤ S ≤ 1
n − θr

n: Soil porosity, pore volume per €total volume
θr: Residual saturation (water which cannot be removed)

€

Both θ and S indicate how much water is stored
in the voids of the soil
Soil water flow (unsaturated)

Soil water potential, h=ψ+z
With ψ matric potential, m
z gravitational potential, m -> “potential energy” as in saturated flow

Matric potential ψ corresponds to how strongly water is
retained within the soil pores. It is lower than atmospheric
pressure, hence with a negative sign.
It is related to
• capillary pressure caused by surface tension, and thus to
• pore size and its spectrum, and thus to
• water content

Soil water flow (unsaturated)

Exercise 4
How high will the capillary fringe rise in a 10°C cold clay
loam with an average pore diameter of 0.061 mm.
The surface tension (N / m) can be estimated to

σ = (75.6 − 0.14T ) ×10 −3 = 7.42 ⋅10 −2 N/m
where T is the temperature in °C .

Soil water flow (unsaturated)

Matric potential and water content
Water volume stored in the pores, depends on the
retention capacity of the integral of all individual pores
– leading to the characteristic relation θ=f(ψ)
⇡
⇡
⇡
⇡
VH2 O = h1 d21 + h2 d22 + h3 d23 + h4 d24
4
4
4
4
d1 d2

d3

d4

⇡
⇡
⇡
⇡
VH2 O = l1 l12 + l2 d22 + l3 d23 + l4 d24
4
4
4
4
d1 d2

d0

d3

d4

d0

l2

h3

Soil water flow (unsaturated)

Water retention curve θ=f(Ψ)

•

Soil water flow (unsaturated)
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Volumetric water content, θ [-]

Note: Matric potential (ψ) is given in units of
pressure
• Equivalentheight of water column = cm H2O
• Pascal
0.5
• Wassergehalt und Sättigung sind auf
• pF = Log10(cm H2O)
0.4
charakteristische
Weise miteinander verknüpft.

Characteristic Points
Field capacity (θFC): Amount of water still contained in the soil after several
days of free drainage (range approx. -30 hPa > ψ > -400 hPa, often ψ= -60 hPa)
Permanent Wilting point (θPWP): Amount of water still contained in the soil,
when most plants wilt permanantly (often ψ ≈ -15000 hPa)
θFC
Volumetric water content, θ [-]

Bars illustrate the
water storage available
for plants

•

•

θPWP
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• ψ(θ) is related to HC ∝

1
, but not completely
R

• Soils with non-uniform pore structures exhibit
hysteresis,
that is θ= fwetting(ψ) ≠ fdrying(ψ)
€
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Soil water flow (unsaturated)
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Relation θ(ψ) is non-unique!

Unsaturated K, K(θ) or K(ψ)
• K(θ) ≤ Kf
• Fewer pores are filled with water
• Water content reduced to smaller and smaller
pores, which are more tortous
• With θ = f(ψ) -> K(ψ) = K(θ(ψ))
• Note: while K(ψ) is hysteretic, K(θ) is not!

Soil water flow (unsaturated)

Drivers of flow in unsaturated soil
v = −K(ψ )

d(h)
dz

Remember:
Total hydraulic potential, h=(ψ+z) (with ψ negative, z upward positive)
•
•
•

Because of h = f(z) gravitation drives the flow (acting in the vertical
direction)
Because of h = f(ψ) and ψ=f(θ) -> differences in soil moisture drive
unsaturated flow
Note: Soil moisture (usually) changes along the vertical direction

Soil water flow (unsaturated)

Reduced dimensional flow
In unsaturated soil the prevailing flow direction is vertical (as opposed to
ground water, where it was horizontal!). Gravity acts along the vertical axis.
Water content changes pre-dominantly along the vertical axis too, because
• Main water input is either from top (rain) or bottom (groundwater)
• Sinks in the flow are mainly from root water uptake, which also changes
most along the vertical axis.

Rooting depth

Groundwater

Soil water flow (unsaturated)

Exercise 5
Sketch the matric potential and hydraulic potential profiles (functions
of z) in the absence of flow?
(Remember: At the groundwater table Ψ=0 cm)
Add one more graph for a dry period with active root water uptake in
the upper soil layers!
z (cm)

Ψ (cm)
Ground water
Soil water flow (unsaturated)

Subsurface flow

Unsaturated soil:
Vertical flow

Aquifer: Horizontal flow

Treatment in models
dθ
d
d(ψ + z)
= − ⋅ K(ψ )
+ q(z)
dt
dz
dz

€

Richards Equation (combines
Darcy-Flow in unsaturated soil
with the water balance).
K(ψ) and θ(ψ) are described with
parameterizations based on
measurements.
Problem: hysteresis not included, often soil properties
unknown or very heterogenous, heterogenous flow, lateral fast flow
Soil water flow (unsaturated)

Problems
Multiple scenarios lead to non-ideal water flow in the soil that is not well
described by 1D-Richards Equation
• Presence of large voids leads to „Bypass flow“, i.e. flow not proportional to
hydraulic potential
• „fingering“ even in homogenous porous media
• Heterogeneity of properties of the porous medium which are unkown
• Heterogeneous water input (i.e. due to canopies)
• Unknown location of sources and sinks
Such conditions are common – but we do
not know well how to account for them.

Non-Ideal flow patterns

Hendrickx and Huxley, 2001

Bypass Flow
Soil structure (aggregation, root activity, earthworm activity) lead
to large pores, especially in the top soil.
Large pores -> no menisci -> matric potential concept does not
apply –> “gravity driven flow”

Brooks et al. (2009)

Soil water flow (unsaturated)

Summary unsaturated flow
•
•
•
•

•
•

Occurs along the gradient in hydraulic potential -> soil moisture and
gravity drive the flow
Horizontal moisture gradients often much lower than vertical hydraulic
gradients
Applied is Richards equation, although it does not cover preferential flow,
also horizontal heterogeneity often neglected
Relationships K(ψ), θ(ψ) are often poorly known, underlie hysteresis and
are extremely variable in biologically active soils (much less variation
below the main rooting zone)
Current formulations for the vertical distribution of plant water uptake are
not yet satisfactory
Try to simplify your problem and exclude alternative hypotheses rather
than trying to know exactly “where the water flows”

Soil water flow (unsaturated)

